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EXISTENCE AND UNIQUENESS THEOREM FOR SOLUTIONS OF DINAMIC PROBLEMS OF
THE NONLINEAR THEORY OF ELASTICITY

V. G. VIL'KE

The kernel of the elastic strain potential energy functional depends on the finite
strain tensor invariants, while the functional itself is represented as a finite
sum of homogeneous functionals of the displacement and is defined in the Sobolev
space (W,' ()3 (p>2 /1,2/. A number of inequalities is set up which the strain
potential energy functional and its Fréchet derivatives satisfy, and an existence
and uniqueness theorem is proved for generalized solutions of dynamic problems of
the nonlinear theory of elasticity in the phase space (I,(9)* X (Wp' (Q)® (2 <p < o)

Existence and uniqueness theorems were considered earlier for the solutions of
dynamic problems of linear small-strain elasticity theory /3/ and of a class of
nonlinear problems /4/.

1. Properties of the potential elastic strain energy functional. We give
the potential strain energy functional in the form

P
E = Se(IE, 1, 1) de  (do=dxz dxs dzs), e(lg, g, g = 3 ew(w), w= (u11, Uaz, . - ., Uss) & R® (1.1)
=2

o k=

du.,
uy=——t, Vi, j=1,2,3, Ek[w1=jek<w)dz, X = (23, 23, 75) E QT R

dr
’ b

Here Q is the domain occupied by the body in the natural unstrained state, Ig, Ilg, Illp are
finite strain tensor invariants, u (x,?) is the displacement vector, e, (w) are homogeneous
functions of order k

9
ey (W) = mZk aw', ep(pw)=p¥e (w), weERY, hF=2,.. ., p, l=(,.. 1), w=wl. . wb |1} = Z L. (1.2)
= =1

where [; are nonnegative integers, and a; = a,,.., 1, are constants.

The functional (1.1) has the form mentioned in the case of a homogeneous isotropic medium.
For an inhomogeneous, nonisotropic medium the coefficients &; in (1.2) depend on the point x
and the orientation of the principal strain axes relative to the axes coupled to the medium.
All the results obtained below for homogeneous and isotropic media will be valid in the general
case if the coefficients g; (x) have upper and lower bounds in .

The domain of definition of the functional (1.1) is the Sobolev space (W' (Q))?® with the
noxm 3 3

Hullps= (D il o+ D TussliZ o) 17l o= {177 de
i=1 i,j=1 Q

Theorem 1. The functional (l.l) is bounded in (W' (Q))>.

The proof of Theorem 1 is based on using the HOlder inequality for several functions and
estimates resulting from the theorem for embedding L, into Ly for |[I|<Cp [®).

Let .
G={u:u=9y + (0 —E)x, u,ye< R} 0 SO (3)}
be a rotational-displacement group in R3 and let the conditions
Eful=0&ucE6; ug G=E[u] =0 (1.3)
be valid, which mean that the strain energy is zero for displacements of an elastic body as

a solid, and positive in all the remaining cases. It follows that p is even from the second
condition in (1.3).

Lemma 1. The polynomial
1’1;(y):m2 ay'. yeEnr (1.4)
—r
cannot take on negative values.

If it is assumed that P, (yy) = c <0 for y =y, then for y = py, we obtain

7 .
Elwol - 30 E, el £, o) = ¢ vol @ <0
k=2
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It is clear that for sufficiently large p the functional E [uy,) can be made negative,
which contradicts (1.3).

Lemma 2. Let the system of equations
Py (y) =0, grad, Py () =0 (1.5)

have no solutions. Then the functional E,[u] is positive definite

E,[ul =c |wlho Vwe (L, Q) (L.6)
By virtue of the homogeneity of the polynomial Py {y), to prove the lemma it is suffic-
ient to prove the inequality
9
P,>a Nyl vesi= {y: Ny, 1} (1.7
i=1 i=1
Since the sphere S; is compact in RY then the polynomial P, (y) takes a minimum value
thereon. 1If the minimum of P, is positive in §,;, then (1.7) is proved. The minimum of the
polynomial cannot be negative according to Lemma 1. There remains to examine the case when
the minimum is zero. Since P, (y) is a differentiable function, then the vector grad P (y)
at the minimum point should equal zero (its projection on the tangent hyperplane to §, vanish-
es, and the projection on the normal to S, equals zero since the polynomial remains zZero
along the normal because of homogeneity). The contradiction to conditions (1.5) proves the
lemma.

Theorem 2. If the functional (l.1) (p is even) satisfies conditions (1.3) and (1.5),
then there exist constants N >0, ¢, >0 and the following inequality is valid

0o N (1.8)

Elul cliwlie Jwlh,
We have rol
E [w] == Hp {Ep [wolﬁ‘.' ZI PAH_pE)\- |_U'0]} y = “ w ”p 0y u® = }17'3/.'
k=2
It follows from Theorem 1 that the homogeneous functionals
Exlwl= { & (w) dz
s

are bounded in (W;'(Q))®. This means that for sufficiently large p (p > N)the following esti-
mate will be valid 1

max {Ep’f"PEk[wO]} <

ihedty, p=1 ' E=d =
and furthermore, we obtain on the basis of (1.6)
Elwl = 12e w5y = V2c | wii, o
which indeed proves (1.8).
Lemma 3. The gradient of the homogeneous functional E;[w] satisfies the inequality
1

. . . . 1
IVEx (ol i, o < Myl @l 00 5 | 5 =1 (1.9)

Remark. The functional &£, [u] can be examined either in the space (W,'(Q)* or the
space (L; (M) {in this case we shall write E;[w]). Depending on this, the gradient’ E; will be-

long to the conjugate spaces VE;|ul e (W, ! (@) and VE;, [w] = (L, (@)%, and the normsof the
gradients are connected by the relationship
IVEy el e g 2= 1 VE: Tal ey

Proof of Lemma 3. According to (1.1) we have

5 e -
. i \! -1(4) "
| V£, |w] \\]7‘.,‘0 = E [S ‘ Z @M -1t I dzJ
¢t

Q mip-=k
Here the vector m — 1 (i) has the coordinates (m,....m;--1,... my. Since

n

n
DA EN U
R | s 071

L DD T I (1.10)
i1k L
The integral in (1.10) is estimated by using the HSlder inequality for several functions /5/

"
. = C e .

=16 E [ dor 7 l[ e jiese (o — L) P =)
8 <t
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We use the inequality

n n n
M izi< D tiz Py D et=1

s=1 8=1 s=1

and obtain the estimate
9

Jlmaon g <} 2w o <ol g
Q

s=1

from which (1.9) follows with
9
M= S Fla,mlt
i=1 [m|=k
Theorem 3. The gradient of the functional (1.1) satisfies the inequality
1,1 .
I VE (@1l o < Nallwl5 o+ Nallwlip o — +—=1, M12>0, N,>0 (1.11)

By using the embedding theorem L, G Ly (k <{ p), and the resulting inequality I 2 te, 0 <<
Cillzllp,or as well as Lemma 3, we arrive at the estimate

P
IVE (@1 fo,0 < 3 Cedli|w IS

Let us note that k/k" =k —1 and the following inequality is true

b \
(3 CeMyyi)" < Nag? 4 Noyo-e
k=2 ’
for certain poisitive N;, N,, from which the assertion of the theorem follows.
Corollary. The inequality
I VE [w]llg,o < Ny @ llpo + Mo w5
follows from the inequality (l.11l), where N,, N, are certain positive constants.
Theorem 4. The Lipschitz condition
| VE [0l — VE [w'] g0 <L @) — & |Ip,o (1.12)

is valid for the gradient of the functional (1.1) if |jw' |, e<<h, || w" [, 0 <<k (h>0), where
L (h) is a constant dependent only on h and the domain of integration Q.
The proof of Theorem 4 is based on two lemmas.

Lemma 4. The second Fréchet derivative of the functional E; [w] satisfies the in-
equality o
(V2E [w] z, v k _ 3 S _ 3% (w)
|| V2Eyg (@] ||y = sup _H.Z_W_"k_) < Billwllk, 00 By >0, z,veE(Li(Q)), (VE[w]z,v)= o ow T 24T
k, 0 , 0 65 i i
Lemma 5. The second Fréchet derivative of the functional E [wlsatisfies the inequal-

ity I V2E [wl i <G + G|l wifh, 6,0, G,>0
The proofs of these lemmas are analogous to the proof of Lemma 3 and Theorem 3.
To prove Theorem 4 we consider the function

.9
O () =(VE[@ + t(@ —w)],v), (VE [, v)= SZ%@"‘ dx
b
According to Lemma 5, its derivative satisfies the inequality
dOfdT— (VB + 1@ —w)] @ —w), ) < LG |0~ 0] vlo (1.13)
if Jwllpo<<h, | [po<<h and L (k) =G, + Gh'-%. Integrating (1.13) with respect to T be-

tween zero and one, we arrive at the inequality

(YElwl —YElwL oy <<LKE) | w —w lollvie
Furthermore

I VE (0] — VE @] fi,0 = sup (VE[w’l — VE [w'], 1) << L () & — w0
lielly, =1
Q.E.D. "
2. Existence theorem for the solutions. The D'Alembert— Lagrange variational
principle of the dynamical elasticity theory problem has the form /4/

(" 4 VE [u] — 1, du) — (F, Su)r =0, VéuesV (2.1)

Here I, F are the mass and surface forces, and T = dQ is a differentiable manifold of dim-
ensionality two satisfying the cone condition /5/. The elastic body is assumed homogeneous
and isotropic with unit density.



504 V. G. Vil'ke

The surface forces are given on a part of the boundary [I'r, and the displacements U (x, )
on a part of the boundary Ty, and T=I+ [ T'r. I''(r== {*. The domain of definition of the

functional Elulis the Sobolev space (W,'(Q))®. Then the traces of the function u({x, ffon T
belong to the space of traces (8;’”7" () *, where Bp{(l’) is the space of Besov that agrees with
the Sobolev space for noninteger [ /5/. It hence follows that the displacement U(x, t)y =

(By¥P(I)* . and according to the theorem about traces, there exists a function 1w, (x,?)on Q
that belongs to (W' (Q))® and satisfies the inequality

oo o <N U 1aspr <did | Ullp varpor, {200 &, > 0) (2.2}
where U* is the continuation of U onall of I', and ||+ lp,s1/p.r is the norm in (BYY7 ([)°®

/5/. The constants d,, d, are independent of the functions in the inequality (2.2), and the
boundary I'y on T {one-dimensional curve) satisfies the cone condition /5/.
The linear manifold V C (W' (Q)*, where
V= {V PV E (Wpl (Q)) 3’ v II’U = 0}
is the configuration space of the mechanical system and the substitution u==wu; -+ v reduces
(2.1) to the form

(V' 4+ VEu, + vl — £, 8v) —(F, 8v)p=0, AbveV, [, =0 —u", (2.3)

We speak below about the existence and uniqueness of solutions of the variational problem
(2.3) in the phase space of the system H X V with the initial conditions
v, D=ux 0 —u,x, 0V, v (x 0)= (2.4)
u k0 —wy (x,0) EH, H={v: vE (L), v |ryy=0}
Let us consider a certain time segment [0, T] and let us assume that
I, H & Lo (0, T3 (L, (%), Fix, n @ L (0, T; (W ITN )
Conditions (2.5) constrain the intensity of the mass and surface forces in the time segment
[0, 7]

(2.5}

€ VY < ol v leo <KL Vi o, (B VIDKHF oy, ol Vs, ot 0 S Kads ] V oo
(2.6)
Ky=vraimax|[{o0, Ko==vraimax[[Fll, ., v, [Vl -vr <dsll Vo
ot<T oI<T

The last inequality in (2.6) follows from the theorxem on the traces of functions on a manifold
/5/. Furthermore, let

U, Ue @m0, Ul e e By 10 s, 1im, 0 < B 2.7)
U (W (D), U [, o, 0 < Bs, Vi€(0,7) (2.8)

In combination with inequality (2.2) the conditions (2.7) assure the continuation of U. U on
the whole manifold T and the estimates

Hug flp, 1 <X hdeBy, 8y llp, 1 < dideBs (2.9
It follows from condition (2.8) that wuy & (L, (Q)°® and

™ o, o <C dyBy, dy > (2.10)
Theorem. Let ahomogeneous isotropic elasticmedium occupy a domain { with smooth bound-
ary T in the natural state, let the potential of the elastic forces be given by (1.1}, let
the external forces and displacements on parts of the boundary satisfy the conditions (2.5},
{(2.7), (2.8), then (2.3) has the following soclution

vix, Ve L. 0, T;0V), viix, )L (0, Ty H) (2.11)
for the initial conditions (2.4). The proof of the theorem consists of the following fund-
amental steps: construction of approximate solutions by the Galerkin method, proof of their

boundedness and proof of the fact that the limit function satisfies (2.3) and the initial
conditions (2.4) /4/.

Construction of the approximate solutions. Let {g}i.; be an orthogonal basis
in Hsatisfying the conditions @, (x)=v(x, O)/{ v (x, 0) ;... I @flp,1 ==1. This is possible since
the space W' (Q) (p >>2) is embedded in L, () and compact therein. Let us define the approx-
imate solution v (x,!) as a solution of the equation

(v 4 VE fu, -+ v} — £, 8v) — (F, 8v)r = 0, Vbv e Vi (2.12)
that satisfies the initial conditions v {x, 0)==v {x,0), v (x, 0) = P,v (x, 0}, where P, is

the projection operator of H™ in H. The spaces V¥ and H™ are linear spans of the
vectors {@;}i=, with the norms W, ‘'and L,, respectively.
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Using the representation n ‘
v (x, 1) = 2 Gon (£) @5 (x)
§=1

and setting 8v=e,(x) r=1,...,n) into (2.12), we obtain a system of 2n ordinary different-
ial equations equivalent to (2.12)
Gon = Prall @2 l300r Pra =D Gy « - 1 Guts 1), T=1, ..., 0 (2.13)

D, =le, “;,10 f(fo—VE [uo- - vW], @) + (F, ¢,)1]

We estimate the right sides of (2.13) in the noxms L, and L,, respectively, we use the
inequality (1.12), and we arrive at the deduction that the Lipschitz condition with constanc
Z (n, h)y=max (1, nL (h)) (min || @, [ls,0)" is satisfied for them if || D (v -+ ug)flpe<<h and

rrEn
D v+ ug) flp 0 << A
The operator D denotes partial derivatives taken with respect to all the variables and the
vector Dvi) & (L, (Q))°. According to (2.9), these conditions will be satisfied if
vy e § = v | v | << b = h — dyd,B,}

Taking account of the corollary from Theorem 3 and the inequalities (2.6), (2.9), (2.10),

the right sides of (2.13} satisfy the ineguality

(2 e zhrr+ (3 o) < prwy
P r=1

Mn, k) = (min [ @, o) [h —dida By -+ 1 (N'h = N R - amax || @ oo (K1 + Ky -+ daBy))
< srgn

1Srsn
under the condition that
T Paflz,0 4+ 1l ¥V lp, 1 << b — didBy
By the existence and unigueness theorem for sclutions, the system (2.13) has a unique
solution in the time interval /6/

T,00 = min (Z"' (n, B), (b — ;B — @) M (r, B)), gy =¥ (x, Qo0 =Hv (& O fps
Let us note that 70w >0 as n— oo.
Boundedness of the solutions., We replace 8v in (2.12) by Vv'®and we integrate
the equality obtained between ( and ¢ {
SV g 4 B g b v = £47 S (VE [uo + ], u) + (fo, v™) + (2.14)

k4]
(F, v)pjdr, L =] v (x, 0) |35+ E [uo (X0, 0) + v (%, O1 < 51 V' (%, 0) [B0 + B [uo (x, 0) + v (x, 0)] =Ly
Estimating the right side of (2.14) by using the inequalities (2.6)-- (2.10) and (1.11), we

arrive at the inequality
!

IV o+ Blua + v) < Laft) + { 1401 D (0o -+ ) 18,0+ A2 D (o + V) [ 0+ As] v [l dr (2.15)

0
Ay =N, /lq, 4,=N,/q, Ag==1 + Y42, Ly{ty=1IL, +1 [p~t (dydyBo)* + Yy (K2 + KPP+ d*By%)

We examine two cases. Let [ D {uy + v®){, o< N, then 0 < Eluy + v?Wl < L; according to
Theorem 1, and (2.15) is converted into the inequality

¢
v o< Ly + 245 S v [Bodt, Ly =2 [Ly (T) + ANT + 4,N7T]
8
On the basis of the Grenouille inequality /3/
| v 3,0 << Ly exp (2442) (2.16)

When 3D (u, + v |, > N, according to Theorem 2 (the ineguality (1.8))

! (2.17)
1 .
5 [V 20 + 0oz < Lo (T) + 5 (Ayzt/P -+ Apz + Ay v Fo)dr, z=1[ID (ay + v®™) |5,
o
Since gq/p<C1, and 22> NP, then 297 << 4,5. If we use the notation min (*/y, ¢) = ¢35, max (4,4, +
Ay Ay = A, IV 5, -+ z=y, then we obtain from (2.17)

]
e (1) < Lo(T) + 4, Sy (myde
1]
and according to the Grenocuille inequality

¥ () << &7 Ly {T) exp (e7 4 4t) (2.18)

The boundedness of || v |, follows from the boundedness of [ V'™ [ since /3/
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v E . dT (¢, >>0) (2.19)

f
v 0 <20 v (x, 0) 0+ s § |
[
On the other hand, on the basis of the miltiplicative inequality /5/

¥ llp,0 << 5 (1 ¥ Jl,0 + | DV ) (e > 0) (2.20)

Combining the results (2.16), (2.18)— (2.20), we arrive at the deduction that there exist
Q@>0 and @ >0 and the following estimate is valid

v flayo =+ | VO [, 1 < Qe (2.21)
The constants () and a in the inequality (2.21) are independent of the number n.
As has been shown above, the solution of the system (2.13) exists in the time segment

{0, T\™W]. Let us examine the question of continuation of the sclution in the time segment

o, TI. 1f . .
@y = Ve T3 o0 VO (x, i) fip,y < b — didyBy

then the solution can be continued in the segment [7:1™, T:™], where
Ty — Ty = min (Z71(n, k), (b — dydyB, — a;) M~ (r, kb))

The process of continuing the solution can be repeated until & — d,d,B; — a; becomes neg-
ative. Taking account of the growth estimate (2.21), we arrive at the deduction that the
solution will exist in the time segment [0, 7T'], where 7 satisfies the equality

h— ddyB, — Qexp (al’) =0

Selecting h sufficiently large (this selects the domain in the system phase space), the
existence of the solution can be assured in the segment [0, T] for any number n. All the
solutions (v, v®W) of the system (2.13) are bounded in the space L. (0, T; H x V).

Convergence of the successive approximations. We use the property of bounded
sequences in functional spaces: Out of all the bounded sequences in a reflective Banach
space, a weakly convergent subsequence can be selected /7/:

(V'O vy > (v', V) weakly in L& (0, T3 H x V)
Here n runs through a certain subsequence of natural numbers.
It is shown by a method analogous to that mentioned in /4/ that the limit function satis-
fies equation (2.3) and the initial conditions (2.4), and the equation
VO VE [y + vl =@, (D, ) =, §) + (F, §)r, VP =V
is understoocd in the sense of distributions in the segment [0, 7] with values in V', a space
conjugate to the configuration space V.

3. Uniqueness of the solutions. wWe formulate two theorems establishing the unique-
ness of the solutions.

Theorem (stationary case). Let the solution v of equation (2.3) be such that
u=u, - v is independent of the time, and the functional E [u]is convex.

Efu+ Avl —Eful — (VE [ul, Av) =B AV 5 (B >0, | A [y <hy by > 0) (3.1)
Then this solution is unique.

Remark. cCondition (3.1) can be replaced by a condition on the second Fréchet variation
of the functional E {wl]

[ W — ulp, 1 <y (hy > 0), (VEEIWIAV, Av) 2> 2B | Av | (3.2)

Conditions (3.1) and (3.2) are conditions for local convexity of the functional F [u].
The proof of the theorem is analogous to that indicated in /4/.

Theorem (dynamic case). If the functional E [u] satisfies the condition (3.1) and
vieE Lo (0, T; V), then the solution v (x, f) of the variational equation (2.3) is unique.

The following lemma is used to prove this theorem: The thirdFréchet differential of the
functional E (u} satisfies the condition

(V3E [w) (2, 22), 25) <Dy + Daffw ﬁ‘ﬁ{) 2z flp o e llon X B zslhno, w2, E (L, (Q) (=1, 2, 35) (3.3)
where D,, D, are positive constants.
Proof of the lemma is analogous to the proof of Lemma 3 and Theorem 3. Then for w =
D (uy - v) ) L 5
(VEE [wl(Av, AV), uy - v)<CM || Av |, (M > 0)
and subsequent proof of the theorem is carried out by the scheme to prove the uniquenss theor-
em in the dynamic case in /4/.
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